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ABSTRACT

NS I S U 1

W
: Relaxation is applied to the segmentation of closed
, boundary curves of shapes. The ambiguous segmentation
of the boundary is represented by a directed graph
structure whose nodes represent segments, where two nodes
are joined by an arc if the segments are consecutive
¢ along the boundary. A probability vector is associated
8 with each node; each component of this vector provides
£ an estimate of the probability that the corresponding
segment is a particular part of the object. Relaxation
is used to eliminate impossible sequences of parts, or
reduce the probabilities of unlikely ones. In experiments
involving airplane shapes, this almost always results in
a drastic simplification of the graph, with only good
interpretations survivingk‘
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1. Introduction

In many image processing tasks it is important to segment
an object into subparts for subsequent processing. For some
problems this 1s easily accomplished by a single, simple level
of processing, such as breaking the boundary of the object at
corners whose angles are sharper than a given threshold. 1In
other cases, 1t 1s necessary to employ some knowledge of the
objects' structure to obtain a correct segmentation. For ex-
ample, attributed grammars are used for boundary analysis in [1].
A general survey of shape analysis can be found in ([2].

This paper describes an application of relaxation labeling
[3,4] to the segmentation of closed object boundary curves.

An object boundary is first segmented ambiguously, using very
liberal segmentation criteria. This ambiguous segmentation is
represented by a directed graph structure which contains (hope-
fully) the desired segmentation as a subgraph. The nodes of the
graph represent pieces of the object boundary. Each node has
associated with it a probability vector, assigned by a classi-
fication program, representing the segment's probability of
being various parts of the object. Node A is connected to node
B by a directed arc iff the boundary segment represented by B
directly follows the segment represented by A. Since only
certain sequences of parts are allowable, we can apply a relax-
ation process to prune the graph structure. Our experiments

show that the relaxation process usually results in a drastic




simplification of the graph, which greatly simplifies the
problem of extracting desired subgraphs by a sequential process.
It is planned to extend the above methodology in the fol-

lowing ways:

1) Use of an ambiguous segmentation which includes gap
filling and shape completion to handle occluded objects.

2) Introduction of relations other than the "follows"
relation.

3) Representation by a hierarchical graph structure.




2. Ambiguous segmentation and relaxation

Suppose we have an (x,y) coordinate pair representation of

a closed curve, as illustrated below:

Certain distinguished points are called "segmentation points"
and are assigned labels (in this case the numbers 1-11). Any
plece of contour which begins and ends with a segmentation point
will be called a segment. Obviously any segment is uniguely
identified by an ordered pair consisting of the labels of the
beginning and ending segmentation points, and segments will be
thus identified in the remainder of this report.

A segmentation of the contour is any set of non-overlapping
segments that cover the entire contour. Our objective is, given
an object contour, to construct a segmentation such that the
segments cover the contour without overlapping, and the segments
can be assigned semantically meaningful labels (nose, tail, etc.
in the case of an airplane).

In some cases, a simple means of segmentation will suffice.
We could, for example, define the segmentation points to be
large concave angles, and take as segments any piece of curve

lying between two successive segmentation points. In many



real-world examples, however, a simplistic strategy will fail.
Our method beings by forming segments using a liberal
criterion. Hopefully, the segments thus obtained will contain
the desired segmentation (or most of it) as a subset. We then
form a directed graph in which the nodes are the segments, and
segment [1,]] 1s connected to segment [k,{] by a "follows"
relation iff j=k (i.e., [(1,j] follows [k,{] in the graph iff

[x,¢] follows [i,j] on the boundary). We then classify the seg-

ments, assigning to each segment a probability vector, each
component of which represents the probability the segment is a

certain object part. Specifically, in our airplane example,

the probability vector is a four-tuple (P(nose), P(right wing),
P(tail), P(left wing)).

Given such a graph structure, with probability vectors
associated with the nodes, we can apply a relaxation process
to reinforce consistent segments and eliminate inconsistent ones.
This method was also used in [4] for ambiguously segmented hand-
writing. Briefly, the relaxation process operates in the
following way. FEach node N has a set of predecessor nodes and
a set of successor nodes. Consider all triples of labels
(PBN(S where (S is a label associated with a predecessor node,

(N is a label of N, and (P a label of a successor node. Only

certain triples form permissible sequences of labels. We can

then modify the probability of each label, depending on the
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probabilities of the permissible sequences in which it occurs.

Thus a label which does not participate in any allowable
sequence will have its probability set to zero, while a label
which occurs in one or more allowable sequences with high prob-
ability will have its probability increased.

After the relaxation process, we search the remaining graph
for four-cycles. Each of the four nodes in such a cycle may
have one or more possible labels remaining. We can define an
interpretation of the cycle to be any assignment of a unique
label to each node, where the label assigned to each node is
among thle remaining labels for that node. A legal interpreta-
tion is any interpretation in which the labels in the cycle

follow each other in an allowable order, in our case:

Each legal interpretation is then assigned a figure of merit
as follows. With each node in the four-cycle we have associated
a unique label. We now look back at the original probability

vector for this node to find the original probability of this

label. The probabilities thus found at each node are multiplied,
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and the result is the figure of merit. We can then select as

our final result the interpretation with the highest figure of

————r

merit.

B

Of course, the use of four-cycles is specific to our prob-
| lem. More generally, one would conduct a state space search
r on the resulting graph to find legal interpretations which §

are not necessarily of fixed length. foa
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3. Assignment of the initial probabilities

Suppose we have a segment [i,j] to which we wish to assign
a probability vector (N,R,L,T). Our program first finds a

point, k, between the segmentation points i and j as follows:

Consider a polygonal approximation of the curve segment [i,]]
where the vertices of the polygon are placed at the x,y coor-

dinates associated with the local maxima and minima of the

curvature. We then define point m to be midway between i and
j. We can now examine the line segments radiating from m to
the vertices of the polygon. We discard any such line segment
which does not lie entirely within the shape. (Specifically,
if we are considering line segment mf, all vertices which pre-

cede £ must lie to the left of line segment m{, and all vertices

which succeed £ must lie to the right of mf.) We then select
as k that point which miximizes the length of the line segment.
The location of k for several wing, nose, and tail shapes is

illustrated below:




Now, using k, the following operations were performed:

1) The angle between line segments ik and kj was measured.

If this angle was too shallow the segment [i1,j] was discarded.

2) A crude measure of symmetry was computed as:

sym =(perimeter between k and j)-(perimeter between i and k).

3) The probability vector was computed by first using

the value of sym to distribute the probability between three

probabilities, nose-tail (low absolute value of sym), left wing

(high positive value of sym), and right wing (high negative value

of sym). Then, if k was a local maximum, the probability of

nose-tail was assigned to nose; if k was a local minimum, the

; probability of nose~tail was assigned to tail.

The probabilities were distributed according to the scheme

below:

Prob (a perfectly
symmetrical object is
a nose or tail)

maximum value of
symmetry at which an
object can have a
non-zero probability

of being a nose or tail.

S T




In Figure 1 we see an airplane contour with a plot of its

#
4. Experimental results r
|
]
curvature. The numbers on the figure and on the curvature }
|

plot indicate some corresponding points. The curvature measure

used was the method of weighted k-curvature discussed in (5].
Table 1.1 shows the results of the segmentation and classifi-
cation for this figure. Table 1.2 displays the effect of re-
laxation. Of particular significance is the sharp reduction in
the number of 4-cycles and the number of interpretations. It
is these numbers which provide a measure of the size of the
space which must be serached to find the legal interpretations.
Table 1.3 shows the surviving nodes and labels after three
iterations of relaxation, and finally, Table 1.4 shows the legal
interpretations and thgir merit. These same interpretations
could have been found in the graph before the relaxation process;
however, before relaxation we would have to find the 3 legal
interpretations among the 222 possible interpretations, whereas
after only 3 iterations of relaxation we have reduced the search
space to 10 possible interpretations.

The merit value is obtained by mulfiplying together the
original probability estimates of the labels, and scaling the
resulting numbers upward to facilitate comparison. In Table

1.4, we find that cycle 2 has the highest merit, and if we check

the interpretation with the contour, we see that this 1is the




correct segmentation. (For example, 1in cycle 2, the right
wing is node 7, which we see from Table 1 or 3 has the range
4-12. In the airplane figure, the right wing does indeed go

from point 4 to point 12.) The fact that cycle 3 has such a

relatively high merit is due in part to the shortcoming of our

classification program, which allowed some probability that
segment 9 might be a nose, and in part to the fact that by
using only the "follows" relation, our process is totally in-
sensitive to the gross lack of symmetry of cycle 3.

Two other examples are given in Figures 2-3 and Tables

2.1-4 and 3.1-4.
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5 Future research

One obvious criticism of the method as currently implemented
is the use of problem-specific features and the ad hoc manner
in which they are found. This is a common problem in classical
pattern recognition. Part of the problem in our case is that
in this preliminary study the airplane shape was broken into
only four sub-parts, some of which can have a significant amount
of structural detail. We could break the airplane shape into
more sub-parts so that each resulting part would have a simpler
structure, and could be classified initially by some more general
technique. There is also another, more fundamental problem here.
It would be desirable, of course, to have a universal feature
set, in terms of which an arbitrary shape could be described and
recognized. At the present time, however, the nature of such
a universal feature set is a significant research area in need
of much further investigation. Until more concrete ideas about
such a feature set are forthcoming, we will continue to face the
problem of features which are specific to the problem domain and
somewhat ad hoc in nature.

Another clear limitation of the technique is that presently

the only relationship used is the "follows" relation. The pro-

gram would, for example, accept the shape below as an airplane:




We could reject this shape by using other relations, such as
requiring that the two wings be similar in shape, and that

the axes of symmetry of the nose and tail sections be colli-

near. Of course, in doing this, we will be representing the
airplane by a more general graph structure than the simple
closed cycle, and finding the plane will become a more general
problem of subgraph finding. There would seem to be a good
application here for Kitchen's work [6] on the use of relaxa-
tion in subgraph matching.

Another situation not handled by the current program is
the problem of missing or occluded pieces of shape. We can
give the program some limited capacity in this area. Consider

the shape below:

Although the program will not find the left wing, it will be é
able to find a nose, followed by a right wing, followed by a :a
tail. Thus the right wing will certainly survive the first t
iteration of relaxation, and, if we allow the nose and tail nodes
to survive, even though supported on only one side, then the
nose-right wing-tail subgraph could survive. However, some

preliminary experiments with this technique indicate that when 4
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only the "follows" relation is used, allowing nodes supported

on only one side to survive greatly diminishes the power of ' tH
the program to filter out illegal interpretations. {
We can create a more general method for handling the

above situation. Consider the figure below:

——

The numbered points are possible segmentation points, and cor-

respond to the numbered nodes in the graph. The solid arcs in !
the graph connect those points which are connected to each other i
by visible portions of object contour. The dashed arcs connect :
points connected by proposed gap completions [7]. If we consider :
a graph with only the solid arcs, we can uniquely specify any
segment of an ambiguous segmentation by giving the starting and 1
ending node. In the more general case, where gap completions r

are allowed, the segments of an ambiguous segmentation would

|
f
be specified as sequences of nodes representing possible paths t




through the graph (i.e., (1,2,6,7) or (5,6,2,3,4)).

Suppose that we use other relations in addition to the
"follows" relation. Specifically, suppose that we require
the two wings to be similar, and the axes of symmetry of the
nose and tail to be collinear, as suggested earlier. Then the

shape below might still be accepted as an airplane:

The asymmetry introduced into the tail by the different angles
of the wings is very slight, and we would not want to reject
the shape based on this alone. What we can do is measure the
angle between each wing and the nose (and tail), and demand that
these angles be similar (see the figure on the next page). These
angles can be regarded as second level features in a hierarchical
graph, since these nodes are created by combining information
from several (in this case two) nodes at the first level of the
graph.

The use of a hierarchical structure offers a number of
advantages:

1) Certain aspects of the problem (and many other computer
vision problems) lend themselves naturally to a hierarchical

description. It is common to describe a scene in terms of parts,

dul




which may themselves have subparts, etc. A hierarchical

structure also provides a convenient way of thinking about

the use of higher level features that stem from the relation-
ships of image parts to each other, such as relative angle and
distance. We can use these features to express relationships
such as "A is farther from B than B is from C."

2) A hierarchical structure can speed the rate of infor-
mation propagation. In a single-layer relaxation network,
information propagates in linear time, i.e., the time taken for
a node to receive information from a node n links distant is
proportional to n. With a tree or pyramid structure, infor-
mation can propagate in log n time.

3) A hierarchy can reduce the number of labels required.
We may find, for example, that many of the parts into which we
wish to segment an object have similar shapes. It would be
preferable to have a single label to apply to all of these
parts, rather than a separate label for each occurrence of the

part in the object. For example, given the three shapes below,

‘dfff””’~,~—' L (line segment)

U ("U" shape)

C ("C" shape)




we could represent an airplane model as:

PLANE

NOSE LEFT WING RIGHT WING TAIL

A AN /N

6} L CL

in a hierarchy, rather than with a unique label for every
part at the lowest level:

1) nose
2) right leading edge
1 3) right tip tank
4) right trailing edge
9 5! 5) right fuselage
8 4 6) tail
7N |5 7) left fuselage
8) left trailing edge
9) left tip tank
10) left leading edge

Some previous work on the application of a hierarchical struc-
ture to ambiguous segmentation was done by L. Davis [8] for the

case of one-dimensional waveforms.




6. Concluding remarks

Our experiments have verified the ability of relaxation
to significantly reduce the complexity of the segmentation
graph. The number of interpretations which must be searched
is typically reduced by one or two orders of magnitude. The
combination of ambiguous segmentation and a graph structure
representation of the shape allows our program to correctly
segment a wide class of ambiguous shapes, in a manner not pos-
sible with the use of template matching techniques. The program
thus demonstrates the important characteristic of using a more
general, abstract representation of an airplane shape than
that defined by a prototype. The basic methodology used can
be extended to more complex graph structures utilizing shape
completion, a variety of object part relations, and a hierar-
chical structure. These extensions provide promising avenues

for future research.
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Figure 1, An airplane contour and its curvature plot. Some of the
peaks are numbered to show correpondence with the image
f and the segmentation tables,




Figure 2. Same as Figure 1, but for another airplane.
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Figure 3. Same as Figure 1, but for another airplane.




SEGMENT RANGE OF
NUMBER SEGMENT
| 0-4
2 0-6
3 2-4
4 2-6
5 2-10
6 4-10
7 4-12
8 4-14
9 6-10
10 6-12
% | 10-22
12 12-20
13 12-22
14 12-24
LS 12-25
16 14-20
17 14-22
18 22-0
19 22-2
20 24-0
21 24-2
22 24-4
43 25=0
24 25-2
25 25-4
26 26-0
27 26-2
28 26-4

Table 1.1.

NOSE

PROBABILITIES
RWING TAIL
1 —
.22 -
- -
1 =L
.32 .6
<96 =
.26 -
=28 .02
1 e
= 52
1 S
s .6
1} =
= 16
1 o
== .06
1 —
1 s

Ambiguous segmentation of Figure 1.
Segments are between two peaks.

LWING

« 18
SBu
1
it
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ITERATION
NUMBER

0

1

2

3
Table 1.2.

SEGMEN
NUMBER

3
4
6
7
9
19
13
19

Table 1.3.

CYCLE NOSE
NUMBER NODE

1 3
2 3
3 9
Table 1.4.

NUMBER OF
NODES

28
10
9
8

NUMBER OF
LABELS

43
15
12
10

NUMBER OF
4-CYCLES

118
12
8

6

NUMBER OF
INTERPRETATIONS

222
20
16
10

Reduction of ambiguity far the airplane of

Figure 1

Y

RANGE
2-4
2-6
4-10
4-12
6-10

10—-22

L2=22

22-2

LABEL
NOSE
LWING
RWING
RWING
NOSE
RWING
TAIL
LWING

in 3 iterations of relaxation.

.26, TAIL = .74

<Dy TAIL = &

The ambiguous segmentation of Figure 1 after
3 iterations of relaxation. This

analogous to Table 1.1.

RWING
NODE

6
-
11

TAIL
NODE

11
L3
19

LWING
NODE

19
19

table is

MERIT
3.8
ey

4 23115

The cycles surviving from Figure 1 after 3

iterations of relaxation.

The nodes are segments

from Table 1.1, and the merit was computed by
using the original probabilities.
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SEGMENT RANGE OF PROBABILITIES
NUMBER SEGMENT NOSE RWING TAIL LWING
1 3-8 .6 w32 - .28 .
2 3-14 - - - 1 :
3 8-14 .2 .8 - — ;
' 4 14-23 e 1 ol 5 i=
5 14-25 e - .6 .4 :j
6 16-23 .16 .84 - = ¥
7 16-25 - -- - i, :
8 23-3 .02 .98 - -
9 25-3 1 - - .9
10 25-8 = 1 e =

Table 2.1 Ambiguous segmentation of Figure 2.

ITERATION NUMBER OF NUMBER OF NUMBER OF NUMBER OF
NUMBER NODES LABELS 4-CYCLES INTERPRETATIONS
0 10 157/ 7 36
1 4 6 1
2 4 4 i

Table 2.2. Relaxation results.

SEGMENT

NUMBER RANGE LABEL 3
1 3-8 NOSE ]
3 8-14 RWING i
5 14-25 TAIL jL
9 25-3 LWING '

Table 2.3. Nodes surviving third iteration.

CYCLE NOSE RWING TAIL LWING MERIT
NUMBER NODE NODE NODE NODE
'
1 1 3 0 9 29952 i

Table 2.4. Allowable interpretations with their merits. ﬁ




SEGMENT RANGE OF PROBABILITIES
NUMBER SEGMENT NOSE RWING TATL LWING
1 0-8 .28 12 ~ -
2 0-10 .6 .24 -- .16
3 2-6 .2 53 - -
4 2-8 .6 i3 - .2
5 2-10 .32 -- -- .68
6 4-6 .6 .24 - .16 ’
7 4-8 .34 - e .66
8 4-13 -- 1 - -
9 6-13 .16 .84 -- -
10 6-15 - -- -- 1
11 6-17 - - - 1
12 8-13 .6 33 - .06
13 10-13 .46 -- - .54
14 13-19 - 1 .- -
15 13-21 -- 33 .6 .18
16 15-19 -- - -- 1
17 15-21 - -- -- 1
18 17-19 .6 .14 -- .26
19 17-4 - 1 -- -
20 19-4 .56 -- -- .44
21 21-0 .58 .42 - --
22 21-2 .5 -- - .5
23 21-4 .04 -- - .96
24 21-6 - 1 - A
|

Table 3.1 Ambiguous segmentation of Figure 3. 1




ITERATION NUMBER NUMBER OF NUMBER OF NUMBER OF
NUMBER OF NODES LABELS 4-CYCLES INTERPRETATIONS
0 24 46 153 304
1 13 17 20 16 |
i 2 10 10 20 4 !
3 9 9 16 4
Table 3.2 Relaxation results.
SEGMENT
NUMBER RANGE LABEL \
3 2-6 NOSE
4 2-8 NOSE
6 4-6 NOSE
7 4-8 NOSE
9 6-13 RWING
12 8-13 RWING i
15 13-21 TAIL ji
22 21-2 LWING !
23 21-4 LWING :

Table 3.3. Nodes surviving third iteration.

CYCLE NOSE RWTNG TAIL LWING MERIT
NUMBER NODE NODE NODE NODE
1 % ) 15 £d 75.6
2 4 12 15 22 61.2
3 6 9 L5 23 23903
4 7 12 15 23 66.6

Table 3.4. Allowable interpretations with their merits.
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